I consider a particle in the topologically non-trivial Su-Schrieffer-Heeger (SSH) model interacting strongly with a mobile impurity, whose quantum dynamics is described by a topologically trivial Hamiltonian. A particle in the SSH model admits a topological zero-energy edge mode when a hard boundary is placed at a given site of the chain, which may be modelled by a static impurity. By solving the two-body problem analytically I show that, when the impurity is mobile, the topological edge states of the Su-Schrieffer-Heeger model remain fully robust and a flat band of bound states at zero energy is formed as long as the continuum spectrum of the two-body problem remains gapped, without the need for any boundaries in the system. This is guaranteed for a sufficiently heavy impurity. As a consequence of the infinite degeneracy of the zero energy modes, it is possible to spatially localise the particle-impurity bound states, effectively making the impurity immobile. These effects can be readily observed using two-dimensional photonic lattices.
With the theoretical proposal [1, 2] and subsequent experimental realisation [3] of quantum spin Hall insulators, which are protected by symmetry, as opposed to the usual integer [4] [5] [6] and fractional [7, 8] quantum Hall effects, the field of topologically non-trivial matter has experienced a major surge in research interest. Remarkably, it is not only in condensed matter systems that topological effects play a role, but also in ultracold atomic ensembles [9] , classical optical systems such as photonic lattices [10] , and even mechanical metamaterials [11] and "topoelectrical" circuits [12] . Each of these physical implementations has its own advantages and disadvantages. Indisputably, condensed matter systems are the go-to platform for studying many-fermion phenomena, while ultracold atoms take the lead in the many-boson counterpart. For obvious reasons, classical (mechanical, electrical and optical) systems are particularly suitable for the preparation of analog one-body and, in the case of photonic lattices, even two-body physics in topologically non-trivial media.
Much of the interesting phenomenology of topologically non-trivial systems may be attributed to the bulkedge correspondence [13] , which relates the existence of a concrete number of in-gap bound states attached to the edges or surfaces of the bulk samples to topological invariants of the bulk single-particle states. Differentiating these topological edge states from trivial Shockley waves [14] in the spectrum is easily done by making the edges infinitely sharp: the energy of a Shockley wave diverges as the potential at the edge is made stronger, while the energy of topological edge states remains finite and converges to a well-defined value for a sharp edge [15] [16] [17] [18] . What is not clear, however, is the fate of topological edge states when the edge is a quantum, dynamical entity. This is particularly simple to imagine in one spatial dimension, where a sharp edge can be modeled by a single immobile impurity. Upon allowing the heavy impurity to move quantum-mechanically, the edge modes lose their meaning as single-particle effects and, instead, a two-body problem of distinguishable particles emerges. The question of stability of the topological edge modes is equivalent to asking whether finite-energy twobody bound states exist in the limit of hard core, on-site particle-impurity interactions. Here, I consider a particle in the one-dimensional Su-Schrieffer-Heeger (SSH) model interacting with a mobile quantum impurity via a hard core on-site potential. The kinematics of the impurity is described by a standard Hubbard-type hopping Hamiltonian, which is topologically trivial. This may be regarded as the simplest non-trivial few-body problem in a topological setting that requires a fully non-perturbative treatment. By solving the two-body problem analytically, I find that not only are the edge modes robust to the mobility of the impurity, but also that the system forms a flat band of two-body bound states with energies identical to the energy of the original edge mode. The flat band allows for the construction of fully localised eigenstates, that is, a bound state of a particle with a heavy impurity localises the impurity. This flat band of topological bound states is robust as long as the spectrum of the two-body system remains gapped. This phenomenology is to be contrasted with studies of the twobody problem with identical particles [19] [20] [21] [22] [23] , for which two-body bound states of finite energy for hard core interactions are forbidden by the Bose-Fermi mapping theorem [19, 20, 22, 23] and/or by the gapless nature of the two-body spectrum at the energies of the topological edge modes [21] . Instead, interesting edge modes composed of doublons may exist in these systems [20] [21] [22] [23] . In a Hofstadter two-rung ladder, it has been proven, experimentally [24] , that two interacting atoms form chiral bound states due to super-exchange and therefore have finite energy. These, however, disappear into the scattering continuum for strong interactions. It is also worth noting that polarons in non-trivial topological systems have recently attracted some attention [25] [26] [27] [28] and host a variety of interesting phenomena.
The Hamiltonian of the system is given by
With boundaries in the system, the SSH model admits topological edge modes, which correspond to setting exponentially decaying (growing) Bloch waves if the particle is attached to the right (left) of an infinite wall. The ansatz takes the form ψ (0) (j) = φ α (j)α j , with φ α (j + 2) = φ α (j). Assume now that there is an infinite wall at j = x 0 , with no other boundaries. Introducing ψ (0) (j) into the stationary Schrödinger equation
, it is simple to show that E = 0, φ α (x 0 ) = 0 and
From Eq. (9) a topological phase transition is inferred at δ/t = 0, where the bulk spectrum, Eq. (7), becomes gapless. The two phases can be characterised by their change in Zak's phase [9] , or by means of the nature of their edge states. For x 0 even (odd), if δ/t < 0, then |α| < 1 (|α| > 1) and therefore the edge state is bound to the right (left) of x 0 . For δ/t > 0, the exact opposite is true while, for δ = 0, the system is topologically trivial (no edge state) and behaves identically to the mobile impurity with Hamiltonian (3). After the single-particle prelude, it is instructive to begin with an immobile impurity, by setting J = 0 in Eq. (3). Without interactions, and forgetting about the SSH model for now, the impurity can occupy N different sites in an N -site lattice, and the localised states a † j |0 are all eigenstates with zero energy. I set now the interactions to hard core (U → ∞), while retaining J = 0. A particle in the SSH model, Eq. (2), coupled to the static impurity can form exactly m = N bound states assuming N is even and periodic boundary conditions (with other conditions on the boundary and commensurability, m = N but m/N → 1 as N → ∞), all with zero energy. This is of course not surprising. By continuity arguments, at least some of these bound states -which are a generalisation of topological edge states -should remain stable for a mobile impurity with J = 0, even in the hard core limit. The important remaining questions are how these topological bound states disperse as the impurity is allowed to travel along the lattice, and what the criteria for their stability consist of.
To solve the interacting particle-impurity problem, I introduce two-body wave functions |Ψ , as
where I shall consider an infinitely long lattice. Finite lattices can be investigated by properly choosing combinations of infinite-size eigenfunctions, including exponentially growing, non-normalisable solutions [48] , with identical eigenenergies. The stationary Schrödinger equation H|Ψ = E|Ψ , with H given in Eq. (1), is written as
where δ x,y is a Kronecker delta. For δ = 0 (topologically trivial), Eq. (11) reduces to the two-body problem with unequal masses on a homogeneous lattice with nearestneighbour hopping, which admits a simple exact solution [29, 30] . As I shall show now, Eq. (11) can be solved analytically for arbitrary values of δ, albeit with much more complicated solution. To see this, note that H, Eq. (1), conserves total quasi-momentum K = k 1 + k 2 (mod 2π). The usual separation of the wave function into coordinates R = (x + y)/2 and z = x − y as Ψ(x, y) ∼ exp(iKR)g(z), however, is not correct. This is due to the non-trivial periodicity of the SSH Hamiltonian. Instead, the following separation is necessary
Notice that Eq. (12), together with the periodicity condition (13), holds, too, for other periodic potentials with period τ > 2 by setting ψ K (x + τ, z) = ψ K (x, z). Because of periodicity, Eq. (13), there are only two functions of the relative coordinate that need to be determined, namely
. Therefore, upon substitution of Eq. (12) into Eq. (11), this reduces to a set of two coupled difference equations
For U = 0, the functions Φ j K (z) can be written as Bloch states associated with period τ = 2 (in z) as well. Upon turning on interactions, the following asymptotic condition holds for scattering states where the impurity is incident from the right
is the periodic Bloch function associated with relative quasi-momentum k, such that the group velocity dE(K, k)/dk > 0, with E(K, k) the non-interacting two-body energy dispersion (I have obviated the band indices for simplicity of notation), and k ′ is such that E(K, k ′ ) = E(K, k) [49] . In Eq. (16), r K,k and t K,k constitute two-body generalisations of transmission and reflection coefficients, and θ(z) (θ(z)) is the Heaviside step function being zero (unity) at z = 0. The asymptotic form of the scattering states, Eq. (16), is valid only for total momenta K and energies E(K, k) for which no four-wave mixing exits, since for non-trivial dispersions such as the one of the SSH model, it is possible to find K, k 1 , k 2 , k 3 and k 4 such that E(K, i = j, as seen in the inset of Fig. 1 . In such cases, Eq. (16) needs to be modified by including and extra term [19] . For the impurity incident from the left, the asymptotic expression of the scattering states is completely analogous to Eq. (16), with k corresponding to negative group velocity, and besides the possible modification due to four wave mixing. The scattering states can be obtained exactly for all values of the interaction U by either including the degenerate state when four-wave mixing occurs, or a virtual bound state otherwise, in an exactly analogous fashion to the case of identical particles in the ionic Hubbard model [19] . Since interactions do not modify the continuous spectrum and the goal here is to study topological bound states, I shall not discuss scattering states any further. I now turn my attention to the particle-impurity bound states. If finite-energy bound states survive the hard core (U → ∞) limit, then these are necessarily associated with the non-trivial topology of the SSH model, and represent the generalisation of edge states to the case of a mobile impurity. The hard core limit is here not simpler than the general case, due to the distinguishability of the particle and impurity, in clear contrast with two identical particles in the SSH model [19] . This is to say that, even for U → ∞, the many-body problem is not integrable. I shall prove that, for U → ∞, there are infinitely many zero-energy states regardless of whether zero energy is in the scattering continuum (i.e. the noninteracting spectrum) or not. This fact implies that if the zero of energy is not in the scattering continuum, every state with vanishing energy must correspond to a bound state. The non-interacting spectrum contains the zero of energy only if J ≥ δ. Exactly at J = δ, this happens at the points where the two two-body bands touch, namely for K = ±π/2 (k = ∓π/4). As we increase J, the bands start to overlap in larger intervals of total momentum K until the gap is closed at all momenta when J ≥ t. In order for zero-energy states to exist, a necessary but not sufficient condition is that the Schrödinger equation, Eqs. (14, 15) , admits four asymptotic (z → ±∞) solutions of the form Φ j K (z) ∝ α z K with |α K | = 1. Two of these solutions need to fulfill |α K | < 1, while the other two must satisfy |α K | > 1. Clearly, the first condition implies the latter, since if a wave function corresponding to α K is a solution to Eqs. (14, 15) for z > 1, so is the one corresponding to α −1 K . That this needs to be the case in order for zero energy states to exist is easily shown in two steps: (i) There is no solution of the form Φ 0 (z) = 0 (Φ 1 (z) = 0) for all z while leaving Φ 1 (z) = 0 (Φ 0 (z) = 0) [50], which is immediately checked by inserting that type of solution into Eqs. (14, 15) at z = 0 and z = 1; (ii) given (i), in order for the two-body wave function to vanish at z = 0 it is necessary to superimpose two asymptotic bound state wave functions corresponding to α K and α
K , respectively. Since the interaction in Eq. (1) has zero range, the coupled set of recurrence relations (14, 15) only depends on the asymptotic solutions for z ≥ 2. Defining an asymptotic wave function asΦ j K (z) = A j α z K , and inserting this into the recurrence relations (14,15) for z > 1 and E = 0, I obtain
where s i = 0, 1 (i = 1, 2) give the four roots for α K , and where
The values of α K , Eq. (18), all satisfy |α K | = 1 if J < δ. For δ ≤ J < t, they satisfy this condition for values of the total momentum K for which there is a gap, while for J ≥ t it is not satisfied for any K, as expected. Importantly, if α K is a solution, so is −α K , see Eq. (18) . This implies that A 0 /A 1 , Eq. (17), which depends on α K only as α 2 K , is independent of the value of s 1 in Eq. (18) . Therefore, zero-energy bound states with hard core interactions can be constructed and take the form
where γ K is a constant yet to be determined, while B K = −1 in virtue of the hard core boundary conditions Φ j K (0) = 0, j = 0, 1.
I proceed now to the calculation of γ K in Eq. (21), which is slightly subtle, since lim U→∞ U Φ j K (0), Eq. (14, 15) , is non-zero and needs to be calculated. I now allow for U to be large but finite. Therefore, B K = B K (U ) = −1 in Eq. (21), and is unknown. Since Φ j K (0) is only required to first order in 1/U in perturbation theory, I write B K = −1 + β K /U , while the perturbative expansion of γ K in Eq. (21) is irrelevant. It is immediate to find that
Introducing Eq. (22) into the recurrence relations (14, 15) , simple algebraic manipulations yield
Above, A 0 /A 1 is given by Eq. (17), with α K given by either of its values in Eq. (18) with |α K | < 1. This concludes the derivation of the topological bound states in the hard core limit. For the sake of clarity, I summarize their properties: (i) For all K such that there is a gap in the middle of the spectrum, there is one bound state with energy E = 0; (ii) the bound state eigenfunctions are given by Ψ(x, y) = exp(iKR)Φ x K (z), with K the total quasi-momentum, R = (x + y)/2 and z = x − y, and Φ x K (z) given by Eq. (21), with (iii) α K in Eq. (18), A j defined by Eq. (17) (up to an arbitrary normalisation constant), B K = −1 and γ K defined in Eq. (23) . The spectrum of the two-body system is plotted in Fig. 1 , where it is clear that for a fully gapped continuum (upper panel, J < δ) there is one bound state per total momentum K, while for a partial gap bound states exist only in-gap (lower panel, δ ≤ J < t) and, obviously, none exist without a gap (not shown, J ≥ t).
The most interesting consequence of the persistence of a flat band of topological bound states is the fact that fully localised eigenstates can be constructed using linear combinations of bound states for all K [31] [32] [33] . It is possible to construct localised eigenstates as
where f (K) is an arbitrary function of the total quasimomentum. In Fig. 2, I show the probability distributions of a bound state obtained using Eq. (25) The results here presented can be observed with current state-of-the-art experiments, whether in ultracold atomic settings [24, 34] , or classical-optical systems, where a one-dimensional two-body problem for distinguishable particles can be simulated by means of a twodimensional photonic lattice [35] [36] [37] [38] [39] [40] [41] [42] [43] . In particular, the SSH model may be simulated along the horizontal axis [44] , the standard, trivial impurity Hamiltonian in the vertical axis [39, 43] , while the hard-core two-body interaction can be engineered by a large shift in the propagation constant along the diagonal [39, 43] . The presence of a flat band of topological bound states in a photonic lattice is easily inferred by exciting a wave guide at position (x, y, z) = (x, x±1, 0) [51] and measuring the output at non-zero z (the end of the sample), which will remain localised around its initial position.
In summary, I have considered a particle in the onedimensional SSH model interacting strongly with a heavy mobile impurity and shown that the system exhibits a flat band of zero energy topological bound states as long as the two-body continuum is gapped. This implies that an impurity can be put to rest by the lighter, topologically non-trivial particle. This phenomenon is possible due to the fact that, in one dimension, impurities have the same (zero) spatial dimension as the sample's edge. It would be interesting to extend these results to higher dimensions where, instead of a mobile impurity, one may consider a cold, continuous edge or surface with quantised rotational and vibrational modes, and ask whether these modes can be suppressed by means of topological bound states. This may be possible using nanoparticle topological insulators [45] [46] [47] .
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